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DIFFERENTIAL IDENTITIES

BERNARD BEAUZAMY AND JEROME DEGOT

ABSTRACT. We deal here with homogeneous polynomials in many variables and
their hypercube representation, introduced in [5). Associated with this repre-
sentation there is a norm (Bombieri’s norm) and a scalar product. We inves-
tigate differential identities connected with this scalar product. As a corollary,
we obtain Bombieri’s inequality (originally proved in [4]), with significant im-
provements.

The hypercube representation of a polynomial was elaborated in order to
meet the requests of massively parallel computation on the “Connection Ma-
chine” at Etablissement Technique Central de ’Armement; we see here once
again (after {3] and [5]) the theoretical power of the model.

1. THE HYPERCUBE REPRESENTATION AND BOMBIERI’S NORM
Let
(1) P(Xi, ..., XN)= D GoX{' - xR

laj=m
be a homogeneous polynomial in N variables X, ..., x5, with complex co-
efficients and degree m . Here, as usual, we write a = (a), ..., ay), |a| =
aj+--+ay.
Forany iy,...,im, 1 <ij]<N,...,1<i, <N, we define, as in [4],

1 omp
(2) Ciy\olim

= X, ox,
and by Taylor’s formula we have
N
(3) P(Xt, ..o XN) = 3 CipriXiy  Xiyy
iy im=1
which is called the symmetric form of the polynomial.
For a polynomial P of degree m, Bombieri’s norm is defined as (see [4])

1/2
N /

(4) Pl = D leininl®

i] ,...,im=1
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We usually omit the subscript (m), but it should be clear that the norm depends
on the degree of the polynomial.

As explained in [5], both (3) and (4) have a geometric description, by means
of the hypercube representation of the polynomial: in the hypercube [0, 1]™,
we define the N™ points M, ;. with coordinates i;/N, ..., in/N (1 <
ii <N,...,1 < i, <N). We now put each coefficient c;,, . ;, onto the
corresponding point Af; ., ; this operation is called representation of the
polynomial on the hypercube. Bombieri’s norm appears as the canonical /,-
norm associated with this representation.

If we start with any polynomial P given as in (1), it can be written in many
ways in the form

N
(5) P(xi, ..., xN) = D bi, inXi o Xiy

ity im=1
but the symmetric representation (3) has a particular property, as the following
proposition shows (it was communicated to us by Christian Millour):
Proposition 1. Among all representations of P of the form (5), the symmetric
one (3) is the one for which the l-norm is minimal.

Proof. For any iy, ..., iy, if ¢ is a permutation of {i;, ..., i}, we have

Z ba(il),...,a(i,,,) = Z Co(ir), ..., a(im) >
g o

and C4(i)), ..., 0(im) = Ci,,...,in fOr any o . Therefore, the proposition follows from
the observation that, if (a;) are any complex numbers with fixed sum, 3 |a;|?
is minimal when all the a;’s are equal.

2. THE ASSOCIATED SCALAR PRODUCT

Canonically associated with Bombieri’s norm [ ] , there is a scalar product:
if P, Q are two homogeneous polynomials with same degree m, written in
symmetric form as

N

P(Xt{, oo s XN) = D Gy, i Xy Xy
Iy sim=1

N
QX1, .o XN) = Y iy i Xiy Xy s

I ,...,im=1

then we set
N

[P, Qlm) = Z Ciyyosim@iy o im-

it sy im=1
This scalar product appears already in Bruce Reznick [10], where the following
result can be found:

Proposition 2. Let b = (by, ..., by) and define 6, = byx; +---+ byxy. Then,
for any homogeneous polynomial P with degree m,

P(by, ..., by) =[P, 8",
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Proof. We just observe that 5%” can be written in symmetric form

(6) O (X1, .. s XN) = Z b, bi,Xi, - Xiy,

Iy im=1
and the result follows. This result justiﬁes the notation “d, ”, since this poly-
nomial behaves as a Dirac measure for this scalar product.

As we did for the norm, we usually omit the subscript (m) in the notation
of the scalar product and write simply [P, Q], but one should remember that
P and Q must be of the same degree (or be considered so), and that the scalar
product depends on that degree.

We observe that, in order to define the scalar product, only one of the poly-
nomials needs to be written in symmetric form:

Proposition 3. Let P = Zi. i Cit s ey im Xy * Xy, be written in symmetric form
(3), and let

Q= > dj...jXi X,
J1seesm
be any homogeneous polynomial of degree m (the d’s need not be invariant
under permutation of indices). Then

[P, Q] Z ct. yim 1, yim

Proof. Let
Q= Z it s im i X

be the symmetric form of Q. Then

(7) [P, Q]= Z Civyorim®i i
But |
d;: yeesdm W Z dja(l)w--yja(m)
OESM
where S,, is the group of permutations of {1, ..., m}. Substituting into (7)

and taking into account the symmetry of the c’s, we obtain the result.
We now investigate a few special situations:

Proposition 4. Let P, ..., P, be homogeneous polynomials in N variables
X1, ..., XN, With degrees my, ..., my. Let m = m; + --- + my, and let
a1, ..., qm be homogeneous polynomials of degree 1. Then
[Pr--- P, g1 qm]
1
= WZ[PI s qa(l)"‘qa(ml)] X [P, do(m—my+1) QG(m)]
[}

where o runs over all permutations of {1, ..., m}.
Proof. For i=1,..., m, we write

N
qgi = Z 4ijXj
j=1
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and we obtain a symmetric representation of g1 qm

1
41"'0m=m Z 2611 igqy " Am, igmyXiy " Xipy -

I yeesim=1 @

This can also be written

1
qi-dm = oy Z an(l),n “ o ldo(m), imXiyp " K-

i,y im=1l ©

Now, we write each P; in the form
P=Ydx,

where I; = {im, 41, ..., im;}, and le stands for Xigy a1
Then a nonsymmetric representation of P, --- P, is given by

(1 k
= ) Cl.)"‘cﬁk)Xlu"‘Xlr
Iy Iy

Using Proposition 3, we find that

1 k —
[(Pr-Pc,q1 - qm] = Z ZC( ) c},()qa(l) i Da(m), im
l

yim O

Xi .
mj

1 ()= —_
- WZ > Toqy. i " la(my), im,
4 I,

k —
Zcﬁk)qam —my+1),im— m+1 ' 'qa(m),i,,,

1
= WE[PI s 4oty ompl - [P s Qopm—my+1)** dom)]»
‘o

which concludes the proof.
This proposition has several corollaries (which of course have direct proofs):

Corollary 5. Let py,...,DPm, a1, ..., qm be homogeneous polynomials of de-
gree 1, with variables x|, ..., xy. Then

1
[pl"'Pm’ql"’qm]=W Z[Pl,%(l)]“'fpm,%(m)],

" GESM
where o runs over the set S,, of all permutations of {1, ..., m}.

In the next corollary, we give an expression of the scalar product of two
polynomials in one variable z, with same degree m . This expression uses the
zeros of both polynomials:

Corollary 6. Let P=(z—a.)-~-(z—am) Q=(z—-b)) - (z—bm). Then
[P,Q]= 2(1+a. o) (14 ambgm))
} O'ESm
" where a turns over the set S,, of all permutations of {1, ..., m}.
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This corollary is an obvious consequence of Corollary 5. We identify the
one-variable polynomial z — a with the homogeneous two-variable polynomial
z—az'.

An expression of [P, Q], using the zeros of P and Q, was already given by
Y. Legrandgérard [8]. It differs from this one, and is more complicated

3. THE MULTILINEAR FUNCTIONAL ASSOCIATED
WITH A MANY-VARIABLE POLYNOMIAL

Let P be a homogeneous polynomial in N variables. Then there is a multi-
linear form L on CV x -..- x CV, associated to this polynomial by the formula

L(ZM ..., zm)

(8) 11 o 7 0) e Z0)
=W2_m Z 81"'8mP ZEJZI 3""ZstN ’
. Jj=1 Jj=1

€] 5o ,£m=:|:l

where each ZU) stands for (Z,(’) e Z,(J)).

The fact that L is indeed multilinear is not a priori clear; it was originally
proved by Martin in the 30s in a Master’s thesis. A proof can be found in
S. Dineen [6]. But this fact will become obvious once we establish

Proposition 7. The form L coincides with the multilinear form generated by the
hypercube; that is,

N
9) LyzW,...,zm™y= S ¢ i,z zZim,

iy im=1

Since quite obviously L; is linear with respect to each variable, the same
will be true for L.

Proof. 1f in (8) we write P in the symmetric form (3) and substitute, we get

N
1
L(Z(l),...,Z(m))=W E €1 &m Z Ciyyooesim
. €1, Em=%1 By ey im=1
N . 0
J
<\ ez |- | 2oeZ]
j=1 Jj=1
1 N
=g 2 Ciein D Bl
’ yeeyim= €1 ,...,Em=%l1

Using Rademacher functions (see for instance [2]), this can be written more
simply:

N “ 3
o _ml_i Z - /01 () () (Z "j(f)Zi(,j)) (Z rj(t)Zi(,i)) dt.
pr /=1

I yeyim=1
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We expand all products and observe that all terms have integral 0, except those
which give r3(¢)---r2(t); the latter have integral 1. This way, we obtain

N
1
B WZ Z Cil’""i"'zi(lul) ZI(:M)’
T e im=]

where u = (uy, ..., Uy) runs through all permutations of {1,..., m}. We

rewrite
Z (1) | Z("m — Z-(l) . .,Zﬂm)

h L=1 L= tm
and use the fact that ¢; _, .. =Ci . . and obtain the result.
L1y » 1,

)i—l(m) sdim 9

Example 8. The polynomial P(x;, x;) = x1 3x%x, + x5 gives in symmetric
form xi" (xX1x1%2 + X1X2X1 + X2X1X1) + x2 , and the associated trilinear form
is:
L(zW,z® z0) = Zl(l)Zl(Z)ZlG)
~(zzPzP +zVZzPzP + 2N zPZzP) + 2V 2P 2.

As pointed out to us by Andrew Tonge, the above proposition is known
to specialists in multilinear functionals, though we could not find a published
proof. Moreover, it does not seem to provide any quantitative improvement
of the results on the norm of the multilinear functional obtained originally
by Banach and completed by various authors (R. Aron and J. Globevnik [1],
L. Harris [7], Y. Sarantopoulos [11], I. Zalduendo [12]).

4. DIFFERENTIAL IDENTITIES

Let us return to scalar products. The basic observation (already made by
Bruce Reznick in [10]) is that multiplication by a variable on one side becomes
derivation on the other side. Precisely, we have:

Lemma 9. If P is of degree m — 1 and Q of degree m, then
1 i}
0P, Qo = o [P 92| .
(m—1)

m X,
Proof. Of course, it is enough to prove the formula when P, Q are monomials,

say P =x{"---x3" (with |a|=m-1), Q= xf‘~ ﬂ” (with (|| = m). Then
[X1P, Qlm) =[x x52 - XY, xP! -~-x,€”](m)
and this is 0, except if By =a;+1, B =a3,..., By = an, in which case the
value is Bl By
B Bvy2 _ Pl """ PN-
Dyt XN Jimy = o
Similarly,
P,% =[xt xy, Bux T g e
3xl (m—1)
is 0, exceptif ay =8,—-1, az =f>,..., aN = Bn , in which case the value is
o —an! _ Bt BN
B x5 ey = B =T = L

the result follows.



DIFFERENTIAL IDENTITIES 2613

Corollary 10 (Transpositon of a linear factor). Let P be of degree m — 1 and
Q be of degree m. Then

[(Zaij) P, Q](m) - % [P’ Zajg_g] (m—l).

If P and Q are one-variable polynomials (with the identification between
Yo ajz’ and Yq a;z/z'™=J), the polynomial adQ/0z +a'8Q/8z' is the ho-
mogeneous version of the polynomial mQ(z)+ (a— z)Q’'(z), which is called the
polar derivative of Q at the point a (cf. Marden [9]) and denoted by Q;(a, z).
So, for one-variable polynomials, the above formula becomes

[(@z+ )P, Qlim = [P, Q1(@, 2)lm-

From Lemma 9 will follow several differential identities. In order to state
them, we recall the following definitions, which are standard in P.D.E.

If P(x1,...,xn) =2 a.x" - -x3" is a polynomial, the associated differen-
tial operator is

P(Dy,...,Dy) =) a.D{' - Dy

where D; stands for 9/0x;. This operator is usually written simply P(D),
with D = (Dy, ..., Dy). We write simply P; instead of 8P/9Xx;, and more
generally P , instead of 0¥P/dx; ---9x;, .

We also define

P*(xy,...,xN) = Z Aoxy XN
|lal=m

A simple generalization of Lemma 9, also stated by Bruce Reznick [10], is

Lemma 11. Letr P, Q, R be homogeneous polynomials, with degP = p,
degQ=gq, degR=r, with r=p+q. Then

!
[PQ, Rl = L10, P*(D)RY,
We can now state the most general form of the differential identities.

Theorem 12. Let P, Q, R, S be four homogeneous polynomials, respectively of
degree p,q,r,s,with p+q=r+s. Then

[PQ, RS](p+q)
N

~ g o L Y R DO P (D)l

k>0 ’ iy, =1

We observe that in this sum the terms are 0
— if k>p (since P} , =0),
— if k>r (since R}, =0),
- if r—k>gq (since R} (D)2 =0),and
— if r—k>s (since P; ,(D)S=0).
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We will give two proofs of the theorem: the first one is longer but more
transparent, the second one shorter and less transparent.

_ First proof. If P =Y ¢ .. ;X Xi,, R=%dj . jxj - xj,then we have

wrip

[PQ, RS] = E Z Ciryorsip iy, e Xiy X1, @5 Xjy - X, STpag

iy s eee sl J1 oo Jir
o
Z Z Ciryorrip@ iy, e[ Xy X3, @, Ix 2 (X)X, 8)lp+g-15
p+q l]l ] ll
wosdp Jises Jr

by Lemma 9.
We now need a lemma which describes the exchange between a multiplication
and a derivation.

Lemma 13. For all homogeneous polynomials R, Q with same degree,

Zc,-,j [R, %(xjg)] = (Zc, ,) [R, Q]+Zc, ; [R XJZQ}
L,

Proof of Lemma 13. We have simply
1o}
l}::jci,j [R, 8_x,-(ij)]
i} i}
=> > c, [R, 8_x,-(ij)] +ch,j [R, af(ij)]

Joi#j
_ZZC' J [R x]a ] +ZC/ j [R x;aQ +Q]
Joi#j X
and the lemma follows.

We observe that the statement of this lemma is quite similar to.what one
gets in computing a derivative in the sense of distributions: a derivative plus a
jump. The similarity is quite natural; here also, we have a derivative inside a
duality.

Let us now return to the proof of Theorem 12.

Using Lemma 13, we find that

[PQ, RS] = Z Z Citveripliy o o[ Xiy X3, Q, Xy o+ XS]

sip J2sesr
= 0
p+q z Z C,, lp j e .j, [ij"‘xij, xj]&T(sz'erS)
lp ./l ./r h

Repeating the process, we get

r _
=P+q E Z Citvesip@iy jy i Xty o X3, @5 Xy - ;5]
lp/Z JJr

g L L il 5,00, 5)

Ap J1seesJr
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In order to argue by induction, we define

L(l, k)= Z Z Ciy,. zp—t R T /T 4

Bt sees dp Jlgl soee s Jr
X [Xip gy X0, @5 Xjiey XS s ipi)-

In this notation, / stands for the numbers of “links” between the c¢’s and
the d’s (that is, the number of indices appearing in both) and k stands for
the number of variables before Q (from x;_,, to x;). We observe that
[PQ, RS]=L(0, p).

Then the same computation as above, using Lemma 13, yields the induction
formula: p |

r pa—

+kL(l+1,k—1)+mL(l,k—l)

From this formula, we deduce by induction on j that, for all j,

L(l, k)=

20,9 = EXE (- 1) (- LG 2= )

+({)r(r_1)...(r_j+2)L(j—1,P—j)

+(£)r~-(r—j+l+l)L(j—}»,P—j)

j N (] _
+<j_l)rL(1,p—J)+<j)L(0,P J))
Taking j = p, we get

L0, p) = (I%(r(r-l) (r—p+1)L(p,0)+...+(Il’)r...

(r—1+1)L({,0) +-+ (‘l’)rL(l,O)+L(o,0)>.
But, for every /,
L(l,0)= Z Z Ciy,. d emsit it s 3oL Qs Xy =+ XSy i)

iy dp Jlat s s Jr
and by Lemma 9
(g—r+1) 7
= Z Z c’l S ip ‘ s e b5 Jit ,~--,jr[le+l"'jr s Si1+1 y e ,ip]

!
9 iy dp Jigt s Jr
(g—r+1) =
- q' Z Z d" s B Jlat s oo ’j’QjI+l > Z C“ Si[+| R
iy es it it s s Jr i1415050p

("';”)'("’ L " 5 R (DI i DIS)
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Substituting each L(/, 0) into L(0, p) above yields the announced result.

Second proof. Using Euler’s formula, we can write P = ;}- > x;P;, and thus
1 1
PQ, RS] = - P,Q, RS] = ——— P.Q, (RS):]
[PQ, RS] p;[xl @, RS] Pr+9) Z[ @, (RS);]

Repeating this process on P;, we get

r+s
[PQ, RS] = r+s Z [P,, 5,0, (RS, .

We now study the derivative (RS);,,..,;, . Let 1, be the set of partitions of
{1, ..., p} into two subsets. If u,v are two such subsets, we let k be the
number of elements in u#, k' the number of elements in v (of course k + k' =
p). We also write u(j) for the jth element of u, v(j’) for the j'th element
of v. Then

(RS ..,i z Rlu(l) ’u(k) ’v(l) ,...,iv(k!)'

(u,v)€T1)p
Therefore
[PQ, RS] = p\(p + q)! Z z [P, ...;, Q> Riumwuiu(k)S"vu)’~~~v"v<k'»]'
L ip (U, v)ET,

Repeating the same argument, we get

g! k)
[PQ, RS] = —,(p+q), 3 Z' (‘(’,_r

(u,v)€1p 0y,

Z [ i, i,,Q)ij yeeesJr o Ri,,“) v s bugky Jk+ 1 ,--.,jrSiv(l) s viv(k')]'

Jkat s wees Jr

But P, ., is a scalar, and therefore

—r+k)!
[PQ, RS] = v(p+q)| Z z r—rk)'q'

(u,v)€T, )

X § : [Pll 'ijk+| veees Jr o Riuu) s oo bk Jk 41 v"'v.leill{I) v"'viv(k')]'

Jkat oo s Jr
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Since both P;, _ ;, and R, . .. i .jks1....J» @r€ scalars, this is also
v o X it
= =
p.(p+q) (u,v)ETp i1,y ip
Z [Rlu(l) s bugky » Jk+1 ,-~-»}'erk+1 sesJr o Pil ’--"iPSiu(l)v-uiu(k')]
Jk+| - Jr
O DY
(P+¢1)' (r=Fke ‘
(ll 'U)GT Lu(1y 5 - > bu(k)
X Z Riu(l) s eees bu(k) s Jka .m.erjk“ seesJrd Z Pil ’mvipSiv(l) 5o by(kty
R Io(1) s s By

_ 1 (g—r+k)
Pl +9)! 2 (r—k)!

(u,v)€Ty

x S =KL, (DO, - KNP, (D)S]

Fu(1y > e > bugk)

1
=——< Y (qg-r+k)lp-k! > IR _,(D)Q,P _,(D)S]
pl(p+q)! e, ) i k k

1 P )/
= —_— E (g—r+k)(p—-k) z (R}, .(D)Q, P . (D)S],
plp+a)l & (k) ot}

which gives

(PO, RS] = (p+q.2 P tEE S (R, (D)Q, B, (D)S]

and concludes the second proof.
Taking P=R, Q=S (thus g =s, p =r), we immediately deduce

Corollary 14. For any homogeneous polynomials P, Q of degrees p and q
respectively,

2 _ (g - p + k) 2
POP = Z X 1B (DI
Since all terms on the rlght-hand side are posmve, we deduce, taking kK =p,
q! . 2
[POP > —L—— 3 [P . (D)QP
(p+aq)p!, S
But P} . =pIc,. i, isjusta constant. So

X IR DQP =P 3 e, PP = PPIPTIOP,

iy e s ip

and we deduce that

(POY 2 [PPIOF,

which is Bombieri’s inequality [4].

( )'
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Using Bombieri’s proof in [4], J. L. Frot noted that the quantity > ,[P;Q, PQ;]
was real and positive. We deduce a stronger statement from Theorem 12:

Theorem 15. For all homogeneous polynomials P, Q, with degree m and n
respectively, we have
N

SIPQ. PO = ; ,Z ot k) 3 P (D)QP.
0 yeees igg=1

Proof. We set ¢(P, Q) = Z[P,-Q, PQ;]. Then an immediate computation
shows that

N
(10) 9(P, Q)= m(m+n)[PQ - > [P.Q.

i=1

m+n

Applying Theorem 11, we have
N

POF = m+n,z A Y T

Iy =1

but
Py, ix (D) = Piy iy ,i(D),
and thus
o 0= G S L D)ep

P )

E (n—m-ll-)'k Z (P} i, i(D)QF,

l i| ,...,ik_|

which gives the resuit.

The previous results are algebraic identities. They have analytic consequences,
which are quantitative estimates, obtained by means of inequalities. These es-
timates will be the object of forthcoming papers.

Added in proof. As pointed out by D. Zielberger, a verification of the identity in
Theorem 12 can be obtained, taking for P, Q, R, S monomials and computing
i (D)S and R}, (D)Q. The result then can be derived from Chu’s

identity Eizo(;)(ps—i) =( ";S ).
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